bepress university libraries

DigitalCommons@bepress
zAurora Test Series
2021

Test PDF
Author Author
author@aarder.box.bepress.com

Follow this and additional works at: https://testing.bepress.com/aarder-test-series

Recommended Citation
Author, Author, "Test PDF" (2021). zAurora Test Series. 22.
https://testing.bepress.com/aarder-test-series/22

This Article is brought to you for free and open access
by DigitalCommons@bepress. It has been accepted
for inclusion in zAurora Test Series by an authorized
administrator of DigitalCommons@bepress.

The AKP Cardinality Formula
ABSTRACT
Counting the number of unique items in a data set is of interest in many applications. For
example, the owner of a web property benefits from knowing the number of unique visitors to
their site, the number of unique people that a certain advertisement was shown to, etc. The liquid
legions cardinality sketch is a data structure that provides approximate counts of the number of
unique items in a large set. This disclosure describes the AKP cardinality formula, a fast and
accurate technique to estimate the number of distinct values inserted into a liquid legions
cardinality sketch.
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BACKGROUND
Counting the number of unique items in a data set is of interest in many applications. For
example, the owner of a web property, e.g., a video-sharing website, a social media website, etc.,
benefits from knowing the number of unique visitors to their site, the number of unique people
that a certain advertisement was shown to, etc. Efficient estimation of the size of sets can also be
applied to the cross-media measurement of the viewership of an advertising asset.

The liquid legions cardinality sketch [1] is a data structure that provides approximate
counts of the number of unique items in a large set. The sketch comprises a collection of
registers 𝐵[0], 𝐵[1], 𝐵[2], ..., each of which is zero or one. Associated with the sketch is a
probability mass function 𝑓(𝑘) that follows a geometric distribution. Thus,
−α

𝑓(𝑘) = (1 − 𝑒 ) 𝑒

−α𝑘

for some appropriately chosen value α. Here, α is identified as the

decay rate divided by the sketch length, 𝑎/𝑚 in the notation of [2]. When a new item is inserted
into the sketch, a location 𝑘 is chosen with probability given by 𝑓, and this location is set to 1.
The number of ones (non-empty registers) is denoted by 𝑆.
Once the sketch has been created, the number of distinct items in the input data set can be
estimated from the pattern of 1's and 0's in the bit string 𝐵. If 𝑛 distinct items are inserted into the
𝑛

sketch, then the probability that a given location 𝐵[𝑘] will be one is 1 − (1 − 𝑓(𝑘)) . From
this, it follows that the expected number of ones in the sketch is given by the formula:

𝐸[𝑆|𝑛] =

(1)

𝑛

∑ 1 − (1 − 𝑓(𝑘)) .
𝑘=0

Kreuter et al. [1] suggested inverting this expectation formula to obtain a cardinality estimate. If
^

*

𝑆 1's are observed in the sketch, then bisection is used to find the value 𝑛 such that
*

^

𝑆 = 𝐸[𝑆 | 𝑛]. This involves 𝑂(log 𝑛) evaluations of the function given in equation (1).
DESCRIPTION
This disclosure describes an alternative technique of estimating 𝑛. The estimator is based
on previous work [3] of Archibald, Knopfmacher, and Prodinger (AKP), who gave the following
asymptotic estimate of 𝐸[𝑆 | 𝑛]:

(2)

*

α

where γ= Euler-Mascheroni constant ≈ 0. 577, 𝑛 = 𝑛(𝑒 − 1), and δ𝐸(𝑥) is a small error
term.
^

The AKP cardinality formula 𝑛𝐴𝐾𝑃 is obtained by dropping the error term δ𝐸(𝑥) in
*

equation (2) and then solving for 𝑛. This estimate is highly accurate for large values of 𝑆 , but
*

*

has low accuracy when 𝑆 is small. To compensate for this, approximations are used when 𝑆 is
small. The resulting estimator has a relative error of less than 0.005 for relevant values of α.The
formula only requires that the total number of ones in the sketch be counted, so the evaluation
time is 𝑂(1).
If 𝑥 is the number of ones in the sketch, the AKP cardinality formula is given as follows:

The functions 𝑓1(𝑥) and 𝑓2(𝑥) and the constants 𝑐1 and 𝑐2are defined below.
The constant 𝑐1 is chosen to be 1/ 𝑓(0). Recall that 𝑓(𝑘) is the probability mass
function associated with the sketch. This value is chosen based on the birthday paradox: if fewer
than 𝑐1 items are inserted into the sketch, then with high probability, all items will be inserted
into separate locations.
The function 𝑓2(𝑥) is obtained by inverting the AKP expectation formula given in
equation (2):

The function 𝑓1(𝑥) is a quartic polynomial:

The coefficients 𝑎0, 𝑎1, 𝑎2, 𝑎3, 𝑎4 of the polynomial are found by interpolating through a set of
points (𝑥0, 𝑦0), (𝑥1, 𝑦1),..., (𝑥5, 𝑦5). To define these points, let 𝑒(𝑥) be the function 𝐸[𝑆 | 𝑥]. In
other words,

Then, (𝑥0, 𝑦0), (𝑥1, 𝑦1),..., (𝑥5, 𝑦5) are defined as follows:
(𝑥0, 𝑦0)

(1/ 𝑓(0), 1/ 𝑓(0))

(𝑥1, 𝑦1)

(𝑒(1/(8α)), 1/(8α))

(𝑥2, 𝑦2)

(𝑒(1/(0. 8α)), 1/(0. 8α))

(𝑥3, 𝑦3)

(𝑒(3/α), 3/α)

(𝑥4, 𝑦4)

(1. 4 * 𝑒(3/α), 𝑓2(1. 4 * 𝑒(3/α)))

The constant 𝑐2 is taken to be 𝑥4.This value is chosen to ensure that there is a smooth transition
from the polynomial approximation given by 𝑓1(𝑥) to the AKP estimator given by 𝑓2(𝑥). In
practice, the coefficients of the polynomial 𝑓1(𝑥) can be computed if 𝑆 < 𝑥4. Once computed
for a given value of α, they can be cached for subsequent re-use.

Performance

(a)

(b)

Fig. 1: (a) Relative estimation error of the AKP estimator; (b) Comparison of the AKP estimator to the
true cardinality for α = 0. 0001.

Fig. 1 illustrates the performance of the described AKP estimator. Fig. 1(a) displays the
^

relative estimation error |𝑛 − 𝑛|/𝑛 as a function of 𝑛 for a typical range of values for 𝑛 and for
a typical value of α. As can be seen, the relative estimation error never exceeds 0.005. Although
better than previously considered methods, the error can be further reduced by using a second
quartic polynomial to interpolate for lower values of 𝑛.The three humps in the curve represent
regions where the quartic approximation has the greatest error. After the transition to the AKP
formula, which occurs when 𝑛 is approximately 60,000 in this case, the error quickly converges
to 0.
^

Fig. 1(b) plots the true cardinality versus the estimated cardinality 𝑛𝐴𝐾𝑃 as a function of
the number of ones that are observed in the sketch. As can be seen, there is a very close match
between the two curves.

CONCLUSION
The liquid legions cardinality sketch is a data structure that provides approximate counts
of the number of unique items in a large set. This disclosure describes the AKP cardinality
formula, a fast and accurate technique to estimate the number of distinct values inserted into a
liquid legions cardinality sketch.
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